MeV. Our analysis also leads to the appearance of ∆ I = 2 staggering effect in 194 Hg (SD1). A comment on equilibrium deformation for each nucleus is also given.
Introduction
Over the past decade, the study of superdeformation has been one of the most important and exciting topics in nuclear spectroscopy. Since the discovery of the first discrete superdeformed (SD) rotational band in the nucleus 152 Dy [1] in 1986, high-spin SD states were recognized in mass regions A = 40, 60, 80, 110, 130, 150, 190 , and 240 [2, 3] . Superdeformation in the mass 190 region was first observed in 191 Hg [4] , and since then more 85 SD bands were reported in the mass A ∼ 190 region. Most SD bands of this region exhibit the same smooth increase of the dynamical moment of inertia with rotational frequency due to the gradual alignment of quasiparticles occupying specific high-N intruder orbitals (namely j 15/2 neutrons and i 13/2 protons) in the presence of pair correlations.
Because of the nonobservation of the discrete linking transitions between the SD states and the low-lying states of normal deformation, the spins, parity, and excitation energies have not been determined until now. Several approaches to assign the spins were proposed [5] [6] [7] [8] [9] . In this paper we will use the values of bandhead spins of our selected SD bands from our previous works [10] [11] [12] . Consequently, in the Hg-Pb mass region the lowest bandhead spins in SD bands are as low as about 10 ℏ . The observation of the SD band at low spins forced many researchers to study the structures of these well-deformed shape isomers.
The
194 Pb nucleus is the first lead isotope where superdeformation was found experimentally [13, 14] .
The bandhead spin in this nucleus is I 0 = 6 ℏ [15] and its γ -ray energies are very close to the energies of the 192 Hg SD band [16] . Calculations using the cranked Nilsson-Strutinsky method [17] and the Hartree-Fock method [18] suggested that nuclei with N = 112 and Z = 80 or 82 should be particularly stable at these large deformations due to the presence of large shell gaps at deformation corresponding to a 1.6:1 axis ratio. As a result, 192 Hg and 194 Pb may be considered as doubly magic SD nuclei.
One of the unexpected features of the SD bands is the existence of identical bands (IBs) [19, 20] , that is, nearly identical γ -ray transition energies E γ . It is found that several SD bands in the A ∼ 190 region have differences in E γ of only 1-3 KeV. For the underlying physics of the IBs, some studies [8, 9, 21] showed that there is special physics on symmetry behind IBs, while others [22, 23] suggested that the same E γ and identical moments of inertia are due to the competition among the stretching effect, pairing interaction, blocking effect, rotation alignment, and Coriolis antipairing effect.
The ∆ I = 2 staggering was also observed in some SD bands [24] [25] [26] [27] [28] . It manifests itself in systematic shifts of the energy levels, which are alternately pushed down and up with respect to a purely rotational sequence. It was suggested that their origin could be associated with the presence of C 4 symmetry [24, 25] . To date, some models have been proposed to explain the experimental results [9, 28] . The purpose of the present paper is to study some properties of the yrast SD bands in the A ∼ 190 mass region in terms of the nuclear softness model. The paper is organized as follows: in Section 2 we describe the formalism of the nuclear softness approach briefly. Sections 3, 4, and 5 deal the IBs and the staggering and electric quadrupole transition probabilities, respectively. In Section 6, the calculation results and some discussions are presented. Finally, a conclusion is given in Section 7.
Soft rotor formula
The energy expression for a rigid rotator is given by:
where J is the variable moment of inertia. We can write J in terms of the softness parameters σ to the first order as:
where θ is a proportional constant and the bandhead moment of inertia is J 0 when I = I 0 , the bandhead spin.
Substituting from Eq. (2) into the energy expression of Eq. (1) yields:
Eq. (3) contains only two parameters, A and σ . Eq. (3) is denoted by nuclear softness NS2 or the soft rotor formula [29] . For excited states, Eq. (3) is written as:
where E bh denotes the bandhead energy.
The transition energies take the following formulae:
Now we define the transitional energy ratio λ as
This leads to a quadratic equation in σ :
The positive root of Eq. (9) represents the softness σ , and, when substituting in Eq. (7), we can determine the other parameter, A. Therefore, the two parameters σ and A of the NS2 model energies are then calculated.
Identical transition energies
The discovery of the phenomenon of IBs [19] awoke considerable interest. It was found that several SD bands were identical to other bands. That is, the γ -transition energies of the two bands are identical to within ± 3 KeV. Their IBs have identical supershell structures, but generally different alignment configurations. The observed range of frequencies of the kinematic J (1) and dynamic J (2) moments of inertia are completely determined by the supershell structure and the high -j configuration. Hence, the moments of inertia are nearly identical. There are more examples of IBs in the A ∼ 190 region occurring in pairs separated by two mass units and assuming 192 Hg as a doubly magic core. Usually, the difference between transition energies ∆E γ for the identical pair of SD bands is plotted versus the transition energy E γ , which shows the degree of similarity between transition energies in the pair. Another way of relating the energies of different bands to those of reference 192 Hg is to use incremental alignment.
Test of a ∆I = 2 staggering
Another surprising feature in SD nuclear bands is the ∆ I = 2 staggering. Sequences of states differing by four units of angular momentum are displaced relative to each other. A few theoretical proposals for the possible explanation of this ∆I = 4 bifurcation were made [9, 24, 25, 28] .The deviation of the γ -ray transition energies from the rigid rotor behavior can be measured by the staggering quantity [26] :
It represents the finite difference approximation to the fourth derivative of the transition energies with respect to the spin in a ∆I = 2 band. The staggering quantity ∆ 4 E γ (I) contains five consecutive E γ values and is called the 5-point formula. We define the staggering S (4) as the difference between the experimental transition energies and an axillary reference as
Quadrupole moment and deformation
A number of high-precision measurements are now available for charge quadrupole moments of yrast SD bands [30] , which provide opportunities to further challenge our predictions. In the axial rotor model [31] , where the configuration is described by the Nilsson diagram, the transition electric quadrupole moment Q t is derived from the reduced transition probability B (E2) using the following formula:
Q t is related to the deformation parameter β 2 by the following relation:
where R = 1.2 A 1/3 fm, A is the nucleon number, and Z is the proton number.
The bandhead moment of inertia J 0 is related to the quadrupole deformation β 2 by the Grodzins formula [32] :
where C (Z) describes the calibration of the relationship between J o and β 2 , which remains constant for each isotopic chain and varies smoothly with Z. Table 1 . The calculated values of the model parameters λ , σ , and A employed in the calculations for eight yrast SD bands in even-even nuclei in the A ∼ 190 region. I0 is the bandhead spin value obtained from our previous works [10] [11] [12] . For each band transition from I0 + 2 to I0 is included. J0 and β2 denote the bandhead moment of inertia and the quadrupole deformation, respectively. 
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Calculations and discussion
We have applied the transition energy E γ (I) formula described in Section 2 to eight yrast SD bands in even-even λ. In our calculations, the spin assignments of these SD bands are taken from our previous works [10] [11] [12] . In Table 1 we list the parameters used in the calculations and some useful calculating quantities. Using these set of parameters, the E γ (I) transitions are calculated and compared with experimental ones. The results are shown in Figure 1 and are listed in Table 2 . (open circles) is also seen; the differences are too large to consider these two bands as identical ones. Another result in the present work is the observation of a ∆ I = 2 staggering effect in the γ -ray transition energies in 194 Hg (SD1). We calculated the staggering quantity S (4) and plotted it as a function of rotational frequency ℏω in Figure 3 , and the values are listed in Table 1 , assuming that C (Z) = 0.04 for the four SD bands, and the extracted β 2 deformations for 194, 196, 198 Pb are found to be smaller than that of 192 Pb by 1.4%, 2.7%, and 3%, respectively. This is consistent with the Hartree-Fock calculations plus BCS theory [18] , which predicted the occurrence of a SD well for 192 Pb.
Conclusion
We have shown in this paper that the SD nuclear states can be described in the framework of nuclear softness (NS2) based on the variable moment of inertia model. After adopting the model parameters by using the experimental transition energies, we calculated the transition energies E γ and the rotational frequencies ℏω of eight yrast SD bands in the A ∼ 190 mass region. In all cases the bandhead spins were assigned in our previous works. Excellent agreement between theory and experiment was obtained. 
